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Navier–Stokes Simulation of Harmonic Point Disturbances
in an Airfoil Boundary Layer

Christian Stemmer,¤ Markus J. Kloker,† and Siegfried Wagner‡

University of Stuttgart, 70550 Stuttgart, Germany

Laminar-turbulenttransitionmechanismsinduced by a harmonicpoint source disturbance in a � at-platebound-
ary layer with adverse pressure gradient are investigated by fourth-order accurate spatial direct numerical simula-
tion based on the complete three-dimensional Navier–Stokes equations for incompressible � ow. The disturbance is
introduced into the two-dimensionalbase � ow by time-periodic simultaneousblowing and suction within a circular
spot at the wall to quietly mimic the momentum input by an active loudspeaker below a hole in the surface in
respective experiments. Thus a wave train consisting of pure Tollmien–Schlichting waves of a single frequency and
a large number of obliqueness angles is stimulated, and its downstream evolution in both physical and spectral
space is investigated. A breakdown scenario dominated entirely by oblique modes is observed that shows a span-
wise peak/valley amplitude splitting with the valley plane at the centerline of the wave train. Dominant vorticity
structures develop off centerline, and a clear-cut -shaped structure is formed in � nal stages related to the wall
shear being a footprint of a � rst pair of K -vortices in the � ow.

Nomenclature
f̃ = dimensional disturbance frequency
H12 = shape factor, H12 = d 1 / d 2

h = multiple of the disturbance frequency
(h, k) = disturbance mode with frequency h b and spanwise wave

number k c
k = multiple of the basic spanwise wave number
L̃ = reference length scale
R = radius of the point source
Re d 1 = Reynolds number based on the displacement thickness
Ũ 1 = reference velocity
ue = normalized velocity at the boundary layer edge
u, v, w = velocity in the streamwise, wall normal, spanwise

direction
x , y, z = streamwise, wall normal, spanwise direction
a i = spatial ampli� cation rate,

¡ (d/ dx) ( A / A0) = ¡ 1/ A ¢ dA /dx
b = nondimensionalangular disturbance frequency,

f̃ ¢ 2p ¢ L̃ / Ũ 1 , 9.449
c = basic spanwise wave number, 3.3
d 1 = boundary-layerdisplacement thickness
d 2 = boundary-layermomentum thickness
h = obliqueness angle of disturbancewaves with respect

to the x direction
k z = spanwise width of the integration domain
˜m = kinematic viscosity
x 0 = disturbance vorticity

Subscript

B = base� ow quantities

Superscripts

’ = disturbance quantities

˜ = dimensional quantities
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I. Introduction

T HE investigation of laminar-turbulent transition has engaged
many researchersover the past decades.A fundamentalstep to-

ward the understandingof laminar breakdownof a two-dimensional
zero-pressure-gradient (ZPG) boundary layer at low background
disturbance level was attained through Klebanoff et al. (see Ref. 1)
in the early 1960s. They described the so-called fundamentalbreak-
down (K -breakdown), which is dominated by the presence of a
two-dimensional Tollmien–Schlichting (TS) wave with an ampli-
tude higher than 1–2% u 0 / ue. The resonant interaction with a pair
of symmetrically oblique three-dimensional waves with the same
frequency but lower amplitude at � rst, and a longitudinal vortex
system leads to breakdown with the appearance of aligned lambda-
shaped (K -)vortices. This was believed to be the fundamental path
to transition up to the discoveryof a subharmonic resonancemech-
anism. The resonance of a two-dimensional wave and a pair of
symmetrically oblique three-dimensional waves of half the fre-
quency, getting active at a two-dimensional wave threshold am-
plitude about � ve times lower than in the fundamentalcase, leads to
breakdown with a staggered arrangement of K -vortices. Kachanov
et al. of Novosibirsk (see Ref. 1) observed this transition type ex-
perimentally in a � at-plate boundary layer and it is referred to as
N -breakdown or H -breakdown owing to Herbert’s work on sec-
ondary instability.1 In 1991, a third basic path to transition with no
dominant two-dimensionalwave was discovered through direct nu-
merical simulations(DNS), at � rst for transonicboundary layers,by
Thumm2 and Fasel et al.3 A growing pair of symmetrically oblique
three-dimensional waves triggers this kind of transition, which is
accompaniedby a strong steady mode with doubled spanwise wave
number and it was named oblique breakdown and veri� ed also for
incompressible� ow (see, e.g., Ref. 4). Recently, slender K -vortices
could be observed here.

The present study deals with a two-dimensional boundary layer
present on an airfoil at considerable angle of attack including an
extended region of adverse pressure gradient (APG). DNS studies
on a Falkner–Skan-type boundary layer near separation (Hartree
parameter b h = ¡ 0.18) by Kloker5,6 indicate that, among the clas-
sical breakdown scenarios discussed, the fundamental K type is the
most “dangerous.” Compared to ZPG � ows, however, the distur-
bance growth is much more intense because of additional inviscid
instability that is present only in APG conditions with in� ectional
base � ow u B (y) pro� les. The � nal breakdown process differs from
the ZPG K -type dynamics considerably. A timewise periodically
generated zone of local � ow separation gives rise to a secondary
system of tightly parallel longitudinal vortices in between neigh-
boring K -vortices. This vortex system rapidly decays into many
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hairpin vortices, thus precipitatingultimate breakdown of the APG
laminar � ow.

A step further toward the understandingof transitionmechanisms
inducedby more complexboundary/initialconditionsis the involve-
ment of numerous obliquewaves of, at � rst, a single frequency.The
harmonic point source (HPS) generates, by its spatial localization,
a full spectrum of symmetrically oblique disturbance waves, in-
cludinga plane wave, with well-de� ned initial amplitude and phase
relations. Moreover, it can be thought of as a model for the gen-
eration of disturbances by a localized stationary surface roughness
and a sound wave. Seifert and Wygnanski7 and Seifert8 experimen-
tally investigated the HPS disturbance development in ZPG and
mild APG � ow, � nding good agreement with predictions by linear
stability theory if the base � ow is accurately controlled and docu-
mentedin the experiment.Regardingthenonlineardevelopmentand
breakdown, the growth of (background) subharmonic components
has been observed as well. The role of the subharmonicdisturbance
components,however, can stronglydependon the amplitudelevelof
the backgroundnoise (or disturbancegeneratornoise) and the basic
breakdown mechanism. Under the experimental conditions, the on-
set of breakdown had been seen � rst on the disturbance centerline.
For clari� cation of these � ndings, DNS is an ideal tool because the
� ow conditionsand the disturbanceinput are completelycontrolled.

The HPS has also been chosenas the referencedisturbancesource
for the validation of the experimental setup of a national joint re-
searchproject.The goal is to measureand investigatetransitionphe-
nomena in � ight. Comparisons of DNS results discussed in this pa-
per with in-� ight experimentscarried out by four other German uni-
versities [Rheinisch Westfälische Technische Hochschule Aachen
(RWTH Aachen), TechnischeUniversität Berlin (TU Berlin), Tech-
nische Hochschule Darmstadt (TH Darmstadt), and University Er-
langen] using respectivewing gloves for a researchmotorglider can
be found in Refs. 9 and 10.

II. Numerical Method
The numerical model is based on the complete Navier–Stokes

equations for incompressible, three-dimensional unsteady � ow in
the vorticity–velocity formulation.5,6,11,12 The equations are solved
in a disturbance formulation. For this purpose, the system is split
in a two-dimensional steady base � ow (denoted by the index B)
and the three-dimensionalunsteady disturbance � ow (denoted by a
prime). Thus,

u = u B + u 0 , v = vB + v 0 , w = w 0

x x = x 0
x , x y = x 0

y , x z = x z B + x 0
z (1)

The utilized variables are nondimensionalized:

x = x̃ / L̃ , y = ( ỹ / L̃)
p

Re, z = z̃ / L̃ , t = t̃(Ũ 1 / L̃)

u = ũ / Ũ 1 , v = (ṽ / Ũ 1 )
p

Re, w = w̃ / Ũ 1 (2)

with the reference Reynolds number de� ned as Re =Ũ 1 L̃ / ˜m . Vari-
ables with a tilde denote dimensional variables. Here, Re =14.8 £
104 with Ũ 1 =38.9 m/s. The referencelengthis L̃ =0.065m, which
corresponds to the chord of the wing glove by a factor of 1/20
(chord =20 £ L̃).

The three nondimensional vorticity components are de� ned as
follows:
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The simulation is carried out in a rectangular integrationdomain
(Fig. 1) that includesa disturbancestrip for thedisturbanceintroduc-
tion. First, the steady two-dimensionalbase � ow is calculatedusing
the Navier–Stokes equations with a prescribed streamwise veloc-
ity distribution at the upper boundary. Second, the disturbances are
introducedand the three-dimensionaldisturbance� ow is calculated.

Fig. 1 Integration domain with disturbance strip.

Fig. 2 Velocity distribution at the upper boundary of the integration
domain; squares: measurement; ——, least-squares spline � t.

A. Calculation of the Base Flow
The accompanying experiments delivered the pressure distribu-

tion on the airfoil. The streamwise velocity at the upper domain
boundary (ue(x)) is deduced from Bernoulli’s equation. The ue(x)
distribution is shown in Fig. 2, where the line represents a least-
squares spline � t to the measured values. With a pseudotemporal
technique (implicitly in x , explicitly in y), a solution to the steady
vorticity– transport equation
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can be calculated with Poisson-type equations for u B and vB
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The boundary conditions for the steady base � ow are no-slip
conditions at the wall and vanishing vorticity and prescribed ue(x)
at the upper boundary y = yM with @vB / @y = ¡ @ue / @x . Here the
in� uence of the height yM using a � xed ue(x) distribution is negli-
gibly small. At the in� ow boundary, an appropriate local Falkner–
Skan similarity solution is used, derived from the local shape fac-
tor H12 . At the out� ow boundary, all equations are solved drop-
ping the second x-derivative terms, and u B is calculated from
@2uB / @y2 =@x z B / @y.

The Reynolds number based on the laminar displacement thick-
ness is Re d 1 (x =4) =1335 at the in� ow boundary and Re d 1 (x =
9) =2953. Downstream of x =9, the measured APG (see Fig. 2)
increases and the laminar base � ow tends to separate. The shape
factor H12 (Fig. 3) exceeds the value of 4.0 above which separation
occurs. To assure the base � ow calculation to converge to a physi-
cally existing steady state, a zoneof accelerationhas been appended
downstreamof x =10 ranging to xN =11.8 with D ue =0.012. This
secures the laminar bubble to keep short and thus to remain steady
and to be closed before x =xN . Re d 1 and H12 are shown in Fig. 3
for the steady laminar base � ow (two-dimensional steady Navier–
Stokes) and the disturbed � ow (averaged in z and t direction; three-
dimensionalunsteadyDNS) as discussed later.The decreasein Red 1
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Fig. 3 Streamwise evolution of integral values: BL, boundary layer
calculation with transition � xed at x = 9:0.

as well as in H12 at x =9.0 is typical for transition. H12 does not
come close to the threshold value for separation because the tur-
bulent boundary layer can follow a much stronger APG without
separating. For the investigated pressure gradient and disturbance
input, transition occurs before laminar separation can occur.

B. Calculation of the Disturbance Flow
For the simulation of the unsteady � ow, the set of three disturb-

ance–vorticity transport equations
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has to be solved.
For the disturbancevelocities u 0 , v 0 , w 0 three Poisson-type equa-

tions have to be solved:
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where the modi� ed Laplacian D
¤

is de� ned as
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At the upper boundary (y = yM ), potential � ow holds:

x 0
x j y = yM = x 0

y j y = yM = x 0
z j y = yM = 0 (12)

For v 0 , the local wall-normal gradient is prescribed:

@v 0
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ê
ê
ê
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= ¡
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p

Re
v 0 j y = yM (13)

where a ¤ can be thought of as a streamwise wave number of the
disturbance (cf. linear stability theory). For simulation of late tran-
sitional stages with mean � ow distortion, a ¤ is typically set to zero.

Fig. 4 Wall-normalvelocity v0 distributionacross the disturbancestrip
over one spanwise wavelength ¸z .

The no-slipconditionfor u 0 and w 0 is satis� ed at the wall (y = y0 );
v 0 is also zero except for the disturbancestrip (Fig. 4), where the dis-
turbancefunctionfor the HPS is prescribed.The functionis designed
such that, at any time step of the excitation cycle, only momentum
but no net mass � ow is introduced, and hence the generation of
sound is minimized, facilitating TS wave analysis:

v 0 (x , y = 0, z, t ) = fv (x , z) ¢ sin( b t + } 0)

fv (x , z) = A{14q5 ¡ 45q4 + 50q3 ¡ 20q2 + 1} (14)

r is the actual distance to the point source center r 2 = x2 + z2, and
the radius of the point source is R =0.1309; the value q is built by
q =r / R (0 ·q ·1). For the wall vorticities x 0

x , x 0
z special equa-

tions are used.11,12

The disturbances are introduced well downstream of the in� ow
boundary of the rectangular integration domain, which permits us
to force all disturbance variables to be zero at the in� ow boundary.

As for the out� ow boundary conditions, the implementation of
the well-tested method of “arti� cial relaminarization”11 is applied,
where basicallythe threedisturbancevorticitycomponentsare grad-
ually forced to a zero value in a damping domain (x3 ·x ·x4,
x4 ·xN in Fig. 1). At x =xN , the solution of Eq. (9), dropping
the second x-derivativeterm, is v 0 (y) = 0. The u 0 (y) and w 0 (y) dis-
tributions at x = xN are computed by integrating the de� nitions (3)
for k > 0, and for k =0, u 0 (x , y) is integrated starting from x =x0,
employing the continuity equation.

In spanwise direction,periodicboundaryconditionsfor all distur-
bance components f 2 {u 0 , v 0 , w 0 , x 0

x , x 0
y , x 0

z} and their derivatives
are enforced:
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C. Discretization and Numerics
The numerical method employs a Fourier spectral representation

of the spanwise spatial dimension z. All variables are represented
through

f 0 (x, y, z, t ) =
KX

k = ¡ K

Fk(x , y, t ) eik c z (16)

where k c is referred to as the spanwise wave number. The basic
spanwise wave number c for the fundamentalFourier mode (k =1)
is related to the spanwisewidth k z of the integrationdomain through
c =2 p / k z , here c =3.3. The considered � ow� eld is symmetric
with respect to z =0 and hence all Fk are purely real for u 0 , v 0 , and
x 0

z and purely imaginary for w 0 , x 0
x , and x 0

y .
The modeledpointsource (as seen in Fig. 4) is Fourier analyzedin

spanwise direction for every x location x1 ·x ·x2 and the result-
ing amplitudes for symmetrical pairs of three-dimensional waves
with a large number of discrete spanwise wave numbers (k c ) are
taken as disturbance input. The Fourier amplitudes are shown in
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a)

b)

Fig. 5 Fourier amplitudes of the a) velocity v 0 at the disturbance strip
center, x = 5:4; and b) y maximum of u 0 two average TS wavelengths
downstream of the disturbance strip.

Fig. 5 for the center of the disturbance strip in x direction. The
three-dimensionalv 0 -disturbanceinput amplitudes (k > 0 and k < 0
added) have a maximumat k =9 anddecaymonotonouslyforhigher
k, whereas the two-dimensional amplitude roughly is just half the
averagethree-dimensionalvalue.Because of the varying receptivity
with respect to waves with different spanwise wave numbers, dif-
fering disturbance amplitudes for different obliqueness angles ( h )
result inside the boundary layer. The lower graph in Fig. 5 shows
the resulting u 0 amplitudes as obtained by a Fourier analysis in
time roughly two average TS wavelengths downstream of the dis-
turbance strip, when the TS waves have fully developed (x =5.7).
The two-dimensional wave (1, 0) (the � rst index gives multiples
of the disturbance frequency b , the second multiples of the basic
spanwise wave number c ) now is clearly smaller than one-half the
smallest three-dimensional component (k =1). From here on, the
symmetrical wave pair (h, §k) is denoted as (h, k) and referred to
as one three-dimensionalwave with the amplitude correspondingto
the sum of the left and right running wave. The u 0 amplitudes of the
three-dimensionalwaves at x =5.7 increasewith ascending k up to
k =10 ( h » 54 deg). Clearly, the receptivity of the boundary layer
is largest for a wave angle of 54 deg, and for the two-dimensional
wave (k =0) the receptivity is smaller than for k =20 ( h » 77 deg).
The radius of the point source covers about one-� fteenth of the
spanwise wavelength k z and one-half the average streamwise TS
wavelength k x , and is larger than the circle of holes used in the
� ight experiments.However, this does not affect the results.

The well-proven numerical method employs fourth-order � nite-
differences in the streamwise direction (unconditionally alternat-
ing upwind/downwind/central differences for the convective terms)
and wall-normal direction and a fourth-order Runge–Kutta scheme
for the time integration.5,6 The nonlinear terms are evaluated pseu-
dospectrallyusing de-aliasing.The uniform equidistantgrid for the
point source problem contained at � rst 2354 £ 161 £ 40 points in
(x , y, z) directions. The problem was solved on a NEC SX-4/32
vector-supercomputeron 11 processors and a CRAY T3E-512 for
a calculation with K =93 and 234 Fourier modes (186, 468 points
at least) in spanwise direction, using correspondingnumber of pro-
cessors.A single calculationon the NEC SX-4/32 took about 3.5 l s
per gridpointand time step on a single processorwith 700 time steps
per fundamental disturbance period.

Grid re� nement studies showed that, aside from the number of
spanwise modes in the late stages, the x discretization is the crucial

point in resolution requirements. In the high resolution case, the
grid spacing was D x =0.00164, D y =0.1858, and D z =0.00407,
where appropriate data from a coarser run were used as unsteady
in� ow conditions. The � ow structures as discussed in Sec. III are
largely independent of the numerical parameters when the given
values are used as a basis.

Because of the periodic boundary conditions in spanwise direc-
tion, a spanwiseseries of point sources is actuallymodeled with this
approach.Therefore, the integrationdomain shouldbe wide enough
to largely inhibit the developing wave trains to interact with each
other, resulting in a rather small basic spanwise wave number. With
this small wave number, resolution toward the three-dimensional
modes with high obliqueness angles (high spanwise wave number)
becomescrucial to capture the behaviorof the wave train in late tran-
sitionalstages.The highspanwiseresolutionsimulationshowedthat
the wave train developing does not “leave” the integration domain
on the sides.

III. Numerical Results
A. Primary Stability Properties

The steady base � ow was analyzed for its stability properties
with the linear stability theory (numerical solution of the Orr–

Sommerfeld equation, spatial approach). In Fig. 6a, the stability di-
agram for two-dimensionalmodes is presented.The location of the
disturbancestrip (5.3 ·x ·5.5) for the chosenfrequency b =9.449
( f̃ =900 Hz) is well inside the instability region (a i < 0). This fre-
quency was chosen such that the largest ampli� cation could be ex-
pected in the presumed area of breakdown (8.0 ·x ·9.0). In the
experiments, this frequency was adopted.10

The stabilitydiagramfor three-dimensionalwaves with spanwise
wave numbers covered by the low-resolution calculation (K =20)
is displayed in Fig. 6b for x =5.7 (vertical line in Fig. 6a). The
ampli� cation rates for waves up to an obliquenessangle of ¼ 37 deg
(k c =20) are of comparable magnitude. The slightly larger ampli-
� cation rates of the low k waves cannot make up for their lower
initial amplitudes as can be seen in the downstream amplitude de-
velopmentin Fig. 7 (see also Fig. 5). This is especiallysigni� cant for
the two-dimensionalwave. At the beginningof the strong nonlinear
stage (x » 8.0 Fig. 7), all three-dimensionaldisturbancewaves with

a)

b)

Fig. 6 Boundary-layer stability diagrams obtained by spatial linear
stability theory: – – – , neutral curve (®i = 0); a) ®i over h¯ and x for
two-dimensional waves (° = 0) and b) ®i over h¯ and k° at x = 5:7.



STEMMER, KLOKER, AND WAGNER 1373

Fig. 7 Downstream amplitude development (maximum over y) of various modes in the frequency: spanwise wave number spectrum.

Fig. 8 Downstream amplitude development (maximum over y) of modes (1; k), 8 <– k <– 20, and modes (2; k). Only even k are shown.

an obliquenessangle h ·45 deg (k =6) reach the same amplitudeof
2% u 0 / U 1 . The waves with higher obliquenessangles ( h > 45 deg)
are ampli� ed much less in the quasi-linear disturbance stage and
even attenuate for very high angles (h > 60 deg, k > 14) as can be
anticipated taking into account Fig. 6b. Comparisons of DNS data
with results of linear stability theory calculations and experimental
data can be found in Ref. 13.

B. Early Nonlinear Stage in Fourier Space
Because the amplitudes of many three-dimensional waves are

larger than the two-dimensional wave amplitude, a classical reso-
nance mechanism is unlikely. Rather a kind of oblique breakdown
in multiple fashion is conceivable at � rst. In this case, the modes
(0, 2k), k =1 ¡ 6, should be largehere. Compared to this extrapola-
tion from standardobliquebreakdownwith one dominant wave pair
(1, 1), however,here the spectrumof (1, k) modes generatesa strong
(0, 1) mode that is not present in the one-wave-paircase and that is
larger than any other (0, k) mode, k > 1. We note that, because of
quadraticnonlinearity[see Eq. (7)], the two modes (h1 , k1) ¢ (h2, k2)
generate the modes ( j h1 § h2 j , j k1 § k2 j ). Indeed, here the primary
modes (1, k), k =0 ¡ K , directly generate the full spectra (0, k)
and (2, k), k =0 ¡ K . The higher harmonics (2, k) subsequently
act back on the full primary (1, k) spectrum. Therefore, the modes
(1, k), 8 ·k ·20, strongly grow downstream of x =7.5, where the
corresponding (2, k) modes exceed the respective primary (1, k)
amplitudes (Fig. 8).

C. Simulation with Removal of Two-Dimensional Components
To substantiate the minor importance of the two-dimensional

components for the observed transition scenario, two DNS were
carried out with 1) (1, 0) removed from the disturbanceinput and 2)

(2, 0) � ltered out during the simulation. In case 1, the downstream
developmentof the unsteady three-dimensionalmodes (Fig. 9) basi-
cally shows the same behavior as in the case with two-dimensional
input. The steady disturbance components ((0, 0) and (0, 1)) are
marked with a � lled circle in Figs. 7 and 9. The mode (0, 0), repre-
senting the distortion in the two-dimensionalmean � ow, is not mod-
i� ed by the lack of the two-dimensional mode input up to x =8.5,
where the � ow already is in the quasi-turbulentregime, whereas the
growth of the steady (0, 1) mode is slightly delayed.As (1, 0) is not
disturbedin case 1, the nonlinear(0, 1) generationis slightlyweaker
because of the missing generation through (1, 0) ¢ (1, 1). However,
(1, 0) is nonlinearlygenerated by (h, k) ¢ (h + 1, k) and obtains rel-
evant values downstream of x =8.1. Further detailed comparison
also in physical space with the reference case does not show any
signi� cant difference in the two cases. In case 2, a subharmonic
resonance mechanism with respect to the modes (1, k), k > 6, trig-
gered by (2, 0) should be checked (see Fig. 8). To this end, (2, 0) had
been continuously � ltered out numerically in space during a simu-
lation with (1, 0) input. The (2, 0) amplitude thus was lowered by
1 » 2 orders of magnitude,but the behavior of the (1, k) modes was
identical.Hence, the HPS-breakdown scenario is clearly dominated
by various three-dimensional mode interactions [(1, k) and (2, k)
mainly] with strong (0, 1) generation. Two-dimensional modes do
not play any leading role, rather they are a side effect.

D. Depiction in Physical Space
The behaviorof the wave train can be studiedby means of Fig. 10,

which shows lines of correspondingphasesof � uctuations x 0
z for the

disturbance frequencyat the wall. The time signal was Fourier ana-
lyzed over one disturbancecycle to obtain the Fourier phases of the
� uctuations. The left margin of the picture marks the downstream
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Fig. 9 Downstream amplitude development (maximum over y) of various modes in the frequency–spanwise wave number spectrum without initial
two-dimensional disturbance input.

Fig. 10 Lines of constant phaseof ! 0
z at the wall (x–z plane) as obtained

from a Fourier analysis for the disturbance frequency ¯ = 9:449.

end of the disturbancestrip. The boomerang shaped phase distribu-
tion just after the introductionof the disturbances has qualitatively
been observed by Gilyov et al.,14 Seifert and Wygnanski,7 exper-
imentally, and Mack and Herbert15 theoretically for ZPG � ow.
Curved wave fronts with a straightened middle part are formed.
The regular pattern in spanwise direction beside the wave train for
5.5 ·x ·6.6 is an effect of the spectral cutoff at K =20. Note,
however, that the amplitude level can vary over several orders of
magnitude in this plot. The waves with large k decline in amplitude
because of the primary stability properties described in Sec. III.A.
Thus, a high spanwiseresolutionof the point sourceitselfeventually
does not lead to differentresults.Downstreamof x =6.5, the typical
wave train has fully developedand exhibits a half opening angle to
the centerline of 12 deg, which is similar to the value observed in
Blasius � ow and is found in the joint experiments as well. The cen-
ter region of the wave train straightens downstream of x » 7.5. As
the development becomes increasinglynonlinear, this shape defor-
mation becomes more pronounced (x > 8.0). The sharply de� ned
wave front shape dissolves for x > 8.5 where the region of rapid � -
nal breakdown begins and higher harmonic frequency components
are nonnegligiblylarge (recall the increasingAPG; Fig. 3). The sat-
uration of the amplitudes of the disturbance waves (Fig. 7) can be
observed at the same downstream location.

To investigatethe spanwisedevelopmentof the disturbanceinten-
sity, the u 0 rms amplitudes are shown in Fig. 11. The development
of u 0 rms on the centerline (z =0) is surpassed by that at z =0.095
and 0.19. The centerline u 0 � uctuations are not the most intensive
� uctuations in the area of transition (x > 8.0).

The transitional regime, where disturbance waves of large obli-
queness angles reach amplitudes beyond 1% u 0 / U 1 and detailed
structures can be visualized experimentally, is limited to about one
to two TS wavelengths. For the comparison with the experimental
results, patterns of the instantaneous total wall-vorticity x z distri-
bution from the simulation with K =93 are evaluated, delivering

Fig. 11 u0 -rms amplitudes (maximumover y) vs x for various spanwise
positions (z = 0:95 Ã= ¸z/2).

a) b)

Fig. 12 Iso-areas of total spanwise vorticity !z at the wall ( » wall
shear): a) at t = t0 and b) at t = t0 + T/2.

footprints of the structures in the boundary-layer � ow (Fig. 12).
Very early (x » 8.0), regions with negative vorticity (white areas)
at and close to the wall appear, indicatingdownstream traveling lo-
cal separationzones. This had been observedpreviouslyfor K -type
breakdown in a strong APG Falkner–Skan-type boundary layer.5,6

The areas of local separation periodically alternate with areas of
very high vorticity (black areas) at the wall. The � at center part of
the wave front deforms in the transition region and its two bulges
at x =8.2, z = §0.14 in Fig. 12a accelerate and steepen compared
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a)

b)

Fig. 13 Iso-areas of total spanwise vorticity !z at t = t0 in the x–y plane:
a) z = 0 and b) off center, z = 0:19.

to the surrounding structures, forming a bat-wing-like, -shaped
contour(darkareabetween x =8.2 » 8.4 in Fig. 12b). This structure
could be detected qualitatively also in the experiments.10

Subsequently, the two peaks of this structure divide the neg-
ative shear area into a center part (the remainders of which can
be found one time period later at x =8.6 in Fig. 12a, however,
largely disintegrated) and two “legs” (white “streaks,” x =8.4 and
z = §0.25). These streaks can be associated with structures inside
the boundary layer. They fall back compared to the faster center
part and persist for a surprisinglylong time embedded in high-shear
areas. The upstream ends of these streaks (white spots at x =8.4
and z = §0.35; Fig. 12b) remain visible in the � ow pattern for one
time period longer than the aforementionedstructures.

The rapid breakdown of the wave train in this downstream area
rather leads to turbulent stripes than to an instant “broad” break-
down region in z. The high-shear area expands in spanwise direc-
tion downstreamof x =8.5 but the � anks align with the streamwise
direction for x ¸ 8.8 and do not extend abruptly across the entire
width of the integration domain.

A streamwise cut through the � ow� eld at the centerline reveals
shear-layer structures reminiscent of the valley plane in ZPG K -
breakdown (Fig. 13a; t = t0 , mind the stretching of the y coordi-
nate by a factor of 8.7). Distinct shear layers are observed only for
x > 8.48 (dark areas at an inclinationof » 45 deg) that intensify on
their way downstream, get partially ejected toward outer regions
of the � ow, and rapid breakdown occurs (compare Fig. 14a half a
fundamentaltime period later, t = t0 + T / 2). At the off-centercut at
z =0.19 (z / k z =0.1) a high shear layer formation and development
not unlike the peak-plane shear-layer dynamics of K -breakdown
can be observed (structure at x =8.2, y =5 in Fig. 13b intensi-
� ed at x =8.36, y =6.5 in Fig. 14b). At the latter time instance,
t = t0 + T /2, an area of high shear close to the wall is also visible,
induced by � ow reversal (early development can be seen as soon
as x =8.27, Fig. 13b at t = t0). Both shear concentrationsin� uence
nearby spanwise locations, and their virulent breakup triggers the
� nal laminar breakdown.

A spanwise cut through the � ow� eld is shown in Fig. 15 at
t = t0 + T /2. The discussed x z high-shear layers (four concentra-
tions at z = § 0.19 in Fig. 15a) are strongly localized and enclose a
longitudinal vortex structure (x x contours in Fig. 15b).

The application of the k 2-criterion proposed by Jeong and
Hussain16 reveals further details in the formation and dynamics of
vortical structures. The three-dimensional � ow� eld (K =234) at
the preceding time instances were analyzed, and k 2 isosurfaces are
presented in Figs. 16a and 16b at t =t0 and t =t0 + T / 2. The dis-
tinct formation of a pair of � rst K -vortices, each being asymmetric,
can clearlybe seen in Fig. 16b. Figure 16a shows a staggeredpattern
of K -vortices, not to be confused with subharmonic breakdown.

a)

b)

Fig. 14 Iso-areas of total spanwise vorticity !z at t = t0 + T/2 in the x–y
plane: a) z = 0 and b) off center, z = 0:19.

a)

b)

Fig. 15 Iso-areas of vorticity in the y–z plane x = 8:35 ( ¡ ¸z/2 <– z <–
¸z/2, t = t0 + T/2): a) spanwise vorticity !z and b) streamwise vorticity
!x .

a)

b)

Fig. 16 Visualization of K -vortices using the ¸2-criterion at a) t = t0
and b) t = t0 + T/2 (isosurface representation).
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IV. Conclusions
The downstream development of a small-amplitude HPS distur-

bance in a laminar APG boundary layer has been investigated up to
late stages of laminar breakdown by high-resolutionDNS.

Detailed investigations of the (wall-)vorticity structures docu-
ment that the breakdown is neither of the classical fundamental
type (K -type) nor of the pure oblique type. A special breakdownin-
volving a multitude of oblique waves with large fundamental three-
dimensional mean � ow distortion is observed that shows a kind of
peak/valley splitting with the valley plane at the centerline of the
wave train.

Control DNS with removed or � ltered-out two-dimensionalwave
components clearly show that two-dimensional disturbance modes
play no dominant role for the onset of nonlinear mechanisms. Velo-
city � uctuations are larger for spanwise positions just off-center
rather than on centerline, and the major development of vortic-
ity structures takes also place off centerline. Maxima and negative
minima (local � ow reversal) of the spanwise vorticity x z appear at
the wall. A clear-cut -shaped structure can be observed in � nal
stages related to x z at the wall. Inside the boundary layer, close
to the boundary-layer edge, areas of high-shear develop where the
shear at the wall is at a maximum. It could be shown that the curved
HPS wave front does not evolve into a single large-scale K -vortex;
rather, at � rst, a pair of asymmetric K -vorticesin the boundary layer
directly evolving from the wave front could be found.
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